Two related problems on scalar (2ϩ1)-dimensional solitons in a saturable nonlinear medium are investigated. The first one is the internal oscillations of fundamental ͑single-hump͒ solitons. Internal modes which cause these oscillations, both with and without angular dependence, are discovered. The visual effect of angle-dependent internal modes on the soliton can be a rotation or spatially uneven breathing of the perturbed soliton. These internal oscillations are very robust and persist for a very long distance. The second problem is the instability of double-hump and radially symmetric solitons. Unstable eigenmodes of these solitons are presented. Contrary to intuition, the instability growth rates decrease to zero when the soliton power becomes high. Thus the instability is strongly suppressed at high powers. This phenomenon is corroborated by our direct numerical simulations.
I. INTRODUCTION
Spatial solitons are under intensive study these days due to their novel physics as well as application potentials. In 1 ϩ1 dimensions ͓(1ϩ1)D͔, fundamental ͑single-hump͒ solitons for both the Kerr ͑cubic͒ and saturable nonlinearities are linearly stable ͓1,2͔. In 2ϩ1 and 3ϩ1 dimensions, fundamental solitons with a saturable nonlinearity are stable ͓3-5͔, but fundamental Kerr solitons exhibit critical collapse ͓6,7͔. Multihump solitons in a saturable medium are linearly unstable ͓8,9,4͔. Evolution of a Gaussian beam in a (2ϩ1)D saturable medium was studied in ͓10͔. Recurrence of the field as well as azimuthal-symmetry breaking was observed. Internal oscillations of (3ϩ1)D fundamental solitons with saturable nonlinearity were examined in ͓12͔. Radially symmetric internal modes were determined. In addition, it was shown that radiation damping of internal oscillations is very slow ͑algebraicly͒. Collision of (3ϩ1)D fundamental solitons with saturable nonlinearity was investigated in ͓11͔. Last, there is a large body of work on the stability as well as collision of vector solitons in a saturable nonlinear medium ͓13-22͔.
Internal oscillations of stable solitons are important for at least two reasons. The first reason is for the understanding of single-soliton dynamics under perturbations. Laser beams in experiments are rarely perfect soliton states; rather they are solitons perturbed by various experimental factors. In some experiments, regular beam patterns were observed ͓23͔. Such patterns could be induced by internal modes of solitons and be manifestations of internal oscillations. The second and probably more important reason is for the understanding of collision dynamics of such solitons. If internal oscillations exist, solitons during collision can temporarily store some of the translational energy in these internal oscillations and retrieve this energy after the collision. This energy exchange mechanism can induce very complex collision structures such as window sequences and even fractal structures ͓24 -26͔. So far, collisions of (2ϩ1)D and (3ϩ1)D fundamental solitons have been studied to some extent ͓22,21,11͔, but a better understanding of such collision processes requires a good knowledge of internal oscillations in these solitons. In (2ϩ1)D, robust radially symmetric oscillations of solitons were observed in ͓10͔, but it is not clear whether such oscillations are induced by internal modes or radiation modes of the solitons. In addition, the possibility of angle-dependent internal oscillations was not explored. In (3ϩ1)D, internal oscillations and radiation damping were investigated in ͓12͔. But again, that study only focused on radially symmetric internal modes. In fact, radially asymmetric internal modes also abound, and they can induce more interesting evolution dynamics to the underlying soliton, as we will see later in this paper.
On the problem of the instability of multihump solitons with saturable nonlinearity in 2ϩ1 and 3ϩ1 dimensions, one interesting feature which was implicit but not elaborated upon in ͓8,9,4͔ is that the instability growth rate of such solitons is reduced when the soliton power is high ͑see also ͓29͔ for similar results in a cubic-quintic medium͒. This phenomenon is somewhat unexpected, as conventional wisdom says that higher power leads to stronger instability. Some physicists may argue that this phenomenon is not unexpected since in a saturable medium, changes in the refractive index become smaller as the intensity increases; consequently, the instability is weaker. But this argument does not hold, as for vector solitons with saturable nonlinearity, the instability is stronger when the soliton power is higher ͓18͔. Thus this instability reduction of high-power solitons in ͓8,4,29͔ is still an interesting phenomenon. Since experimental techniques on solitons in a saturable nonlinear medium have become quite advanced and many theoretical predictions have been experimentally observed, we believe that this interesting instability suppression behavior of high-power solitons deserves experimental confirmation. To pave its way, more detailed theoretical and numerical investigations are in order.
In this paper, we comprehensively study the stability and instability characteristics of (2ϩ1)-dimensional solitons in a saturable nonlinear medium. For fundamental solitons which are linearly stable in this medium, we determine their internal modes. We will show that both radially symmetric and angle-dependent internal modes exist at high soliton powers. When the soliton power is low, these internal modes disappear. When the soliton power goes to infinity, the frequencies of these modes go to zero. If angle-dependent internal modes are excited, the visual effect can be a rotation or spatially uneven breathing of the perturbed soliton. We also found that these internal oscillations are very robust and radiation damping of these oscillations very weak, similar to the (3 ϩ1)D case ͓12͔. As for radially symmetric but double-hump solitons, we will determine all their unstable eigenmodes. Similar to previous findings ͓8,9͔, we will show that the instability growth rates of these solitons go to zero in the high-power limit as well as the low-power limit. Thus, high power serves to stabilize double-hump solitons instead of destabilizing it. To confirm this result, we have performed direct numerical simulations of the evolution equation, and good agreement is found between theoretical predictions and numerics. Last, we want to point out that the numerical technique we used for determining internal modes and unstable modes of the above (2ϩ1)D solitons is based on zero-levelcontour intersection and successive shooting refinement. This method is more advantageous than that used in ͓8͔ which was based on the numerical simulation of the linearized equation. The reason is that, first, our method can conclusively establish the existence or nonexistence of internal modes and unstable modes; second, it is more accurate; third, it applies to the determination of internal modes, where the method of ͓8͔ will have some difficulty.
II. INTERNAL MODES OF "2¿1…D FUNDAMENTAL SOLITONS IN A SATURABLE MEDIUM
The model for (2ϩ1)-dimensional solitons in an isotropic saturable nonlinear medium is
where U is the complex amplitude of the light beam, z is the propagation distance, and ⌬ Ќ is the transverse Laplacian ͑all quantities are nondimensionalized͒. We look for radially symmetric solitons of the form
where (r,) are the polar coordinates in the transverse plane and is the soliton frequency. Then function u(r) satisfies the ordinary differential equation
with the vanishing boundary condition u→0 as r→ϱ. At r ϭ0, u r must be zero in view of Eq. ͑3͒. When rӷ1 where u is small, Eq. ͑3͒ can be linearized. If ϾϪ1, the linear solution is
where K 0 (r) is the modified Bessel function and ␣ is a real tail coefficient. Our strategy for finding solitons of Eq. ͑3͒ is as follows. For a fixed , we vary ␣ in the asymptotic solution ͑4͒. At each ␣, we integrate the nonlinear equation ͑3͒ starting from the asymptotic solution ͑4͒ at large r toward rϭ0. If the function u r (rϭ0;␣) changes sign at certain ␣ values, then these ␣ values give soliton solutions. Carrying out this strategy, we find that for each Ϫ1ϽϽ0, there is an infinite, discrete sequence of soliton solutions. The first solution is the fundamental soliton which is strictly positive ͑the so-called ground state ͓27͔͒. The second solution crosses zero once, the third solution crosses zero twice, and so on. In this section, we focus on the fundamental soliton which has been known to be stable ͓4,5͔. For illustration, these fundamental solitons at ϭϪ0.7 and Ϫ0.1 are plotted in Fig.  1͑a͒ . We see that when is larger, the soliton's intensity is higher. If we define the soliton power as
then the power dependence of fundamental solitons on frequency is shown in Fig. 1͑b͒ . It is observed that the power is an increasing function of . It also appears that the power goes to infinity when approaches 0 Ϫ . If Ͼ0, we have found that u r (rϭ0;␣) never changes sign for any ␣ value; thus no fundamental solitons exist there. If ϽϪ1, a continuous family of soliton solutions exists at each . However, at large radius r, these solitons are given by Bessel functions; thus they have infinite powers and are unphysical. Hence, in this section, we consider fundamental solitons when Ϫ1ϽϽ0.
Since fundamental solitons have been known to be stable, we determine their internal modes next. Internal modes are discrete eigenfunctions of the linearization operator linearized around the soliton. To determine these internal modes, we write the perturbed soliton solution as
where u(r) is a fundamental soliton, ( n , n ) are small perturbations, is the eigenvalue, n is an integer representing the angle dependence of the disturbance, and the asterisk ͑ * ͒ represents complex conjugation. When Eq. ͑6͒ is substituted into Eq. ͑1͒ and higher-order terms in n and n dropped, the eigenvalue problem is
It is easy to check in Cartesian coordinates that the square of the above linearization operator is self-adjoint; thus the discrete eigenvalue is either purely real ͑internal mode͒ or purely imaginary ͑unstable mode͒. We make two comments here. First, if the soliton ͑2͒ is angle dependent ͑with charge͒, then the square of its linearization operator is no longer selfadjoint; thus eigenvalues may have both real and imaginary parts ͑a similar situation in 1D was discussed in ͓28͔͒. Second, similar results hold for vector solitons ͑see ͓18͔ for an example͒.
Next, we exhaustively search for all internal modes ͑purely real eigenvalues ) of fundamental solitons. In such cases, the eigenfunctions n and n are both real. The boundary conditions for these internal modes are
When Ϫ1ϽϽ0 and rӷ1, both Eqs. ͑7͒ and ͑8͒ become a modified Bessel equation whose solutions are
where h is a real parameter. Here the coefficient in front of K n of the eigenfunction n has been normalized to be 1 since the eigenvalue problem ͑7͒ and ͑8͒ is linear. Our strategy for finding all internal modes is the following. At each integer n, we make a large parameter mesh in the twodimensional h and plane. At each (h,) mesh point, we numerically integrate Eqs. ͑7͒ and ͑8͒ starting from a large r value to zero. Due to the boundary conditions ͑9͒ and ͑10͒, at each n, we check if the target function 0r (rϭ0) and 0r (rϭ0) ͑for nϭ0) or n (rϭ0) and n (rϭ0) ͑for n 0) zero-level curves in the (h,) plane intersect or not. If they do, then the intersection gives an internal mode. If not, then no internal modes at those and n values exist. We emphasize that this strategy is rigorous and conclusive, even though it is computer assisted. As two examples, we select ϭϪ0.1, nϭ0, and nϭ2. The zero contours of respective target functions are shown in Figs. 2͑a͒, 2͑b͒ , respectively. As we can see, for nϭ0, the zero-level curves of 0r (r ϭ0) and 0r (rϭ0) have an intersection at Ϸ0.2187 and hϷ0.34. Thus a radially symmetric internal mode with such eigenvalue is discovered. Then, by the shooting method, we can determine this eigenmode to very high accuracy. The eigenfunctions thus obtained are displayed in Fig. 2͑c͒ .
These eigenfunctions have been normalized so that the maximum value of 0 is equal to 1. It is noted that in Fig. 2͑a͒ , the zero-level curves of 0r (rϭ0) and 0r (rϭ0) also have a trivial intersection at (,h)ϭ(0,Ϫ1). This is the zero eigenvalue which is induced by the phase invariance of the soliton. When nϭ2, we see from Fig. 2͑b͒ that the zero-level curves of 2 (rϭ0) and 2 (rϭ0) have an intersection at Ϸ0.1770 and hϷ0.49. Thus an angle-dependent internal mode occurs here. The corresponding eigenfunctions are displayed in Fig. 2͑d͒ . Here, the eigenfunctions are also normalized so that the maximum of 2 is 1. We want to point out that in Figs. 2͑a͒ and 2͑b͒ , there is another intersection between these zero-level curves in the upper part of each figure. Since those eigenvalues are close to the edge of the continuous spectrum ͑which is c ϭ0.9 with ϭϪ0.1), those internal modes are harder to excite from localized perturbations. In this paper, we will not give much attention to those internal modes.
Once we have judiciously discovered internal modes at particular and n values by the above algorithm, we then use the shooting method to trace the entire families of internal modes by varying frequency . Overall, we have determined the internal-mode families with nϭ0, 1, 2, and 3, and the results are summarized in Fig. 3 . Internal modes at higher n values were also discovered, but they are very close to the continuous spectrum and thus will not be considered. Three features of internal modes in Fig. 3 are noted below. The first one is that internal modes with nϭ0 and 2 are the farthest from the continuous spectrum. Thus radiation damping of such modes should be the slowest. In other words, internal oscillations caused by such modes should be most robust. The second feature is that internal-mode eigenvalues go to FIG. 4 . Evolution of the fundamental soliton with ϭϪ0.1 under radially symmetric perturbations. The initial perturbed state is given by Eq. ͑14͒ where ⑀ ϭ0.2. ͑a͒ Distance evolution of the soliton amplitude, i.e., ͉U(r ϭ0,z)͉. ͑b͒ U(r,z) profiles at three z values.
FIG. 5. Evolution of the fundamental soliton with ϭϪ0.1 under nϭ2 internal-mode perturbations. The initial perturbed state is given by Eq. ͑15͒ where ⑀ϭ2. Here contour levels 1:1:10 of the solution ͉U(x,y,t)͉ at five distances are shown. The horizontal direction is x and the vertical direction is y. zero when approaches 0 Ϫ . Recalling that the power of fundamental solitons increases with , we see that internal oscillations of high-power solitons are more robust. The third feature is that these internal modes disappear when the soliton power is low.
Next, we numerically study the dynamics of fundamental solitons under the perturbation of these internal modes. We just consider internal oscillations induced by modes nϭ0 and 2, as those oscillations are the most persistent ͑see text above͒. First, we examine internal oscillations caused by the nϭ0 mode which is radially symmetric. For simplicity, we take our initial condition as
where ⑀Ӷ1 is a constant perturbation parameter. Obviously, this radially symmetric initial condition will only excite the radially symmetric internal mode of nϭ0 ͑and some radiation͒. Starting from this initial condition, we have simulated the original equation ͑1͒. The simulation results with ⑀ ϭ0.2 are displayed in Fig. 4 . The left panel of Fig. 4 shows the distance ͑z͒ evolution of the soliton amplitude ͉U͉ rϭ0 . We see that, indeed, a very robust amplitude oscillation is excited. The oscillation frequency is approximately 0.2, which is close to the nϭ0 internal-mode frequency ͑which is 0.2187͒. To examine radiation damping of these oscillations, we display the radial solution profile ͉U(r)͉ at three distances in the right panel of Fig. 4 . Remarkably, radiation emission from these internal oscillations is extremely small ͑almost invisible͒. Thus, we can expect these oscillations to persist for a very long distance. This finding is consistent with that for (3ϩ1)D solitons ͓12͔.
Below, we examine internal oscillations caused by the n ϭϮ2 modes. If the soliton is perturbed only by the nϭ2 mode, we can write the initial condition as
in view of Eq. ͑6͒. Simulation of Eq. ͑1͒ starting from the above initial condition shows that the internal oscillation induced by the nϭ2 mode is also very robust. In addition, the effect of this internal-mode perturbation is to prolong the fundamental soliton in one direction, and the evolution visually appears as a rotation of the perturbed state. To illustrate, we select ϭϪ0.1 and ⑀ϭ2 in the initial condition ͑15͒.
The fundamental soliton and the internal-mode eigenfunctions can be seen in Fig. 1͑a͒ and Fig. 2͑d͒ . Note that since the amplitude of the fundamental soliton at ϭϪ0.1 is about 10, thus ⑀ϭ2 in Eq. ͑15͒ is still a small perturbation to the fundamental soliton. With this initial condition, the simulation results at five distances are displayed in Fig. 5 . Here the contours of the solution ͉U͉ at levels 1:1:10 are shown at each distance. As we can see, the fundamental soliton under this nϭ2 internal-mode perturbation appears to rotate counterclockwise. This is an interesting and distinctive visual feature of internal oscillations of solitons in 2ϩ1 dimensions. If the soliton is perturbed by both the nϭ2 and nϭϪ2 modes, then its evolution is visually different. As an example, we take the nϭϮ2 mode components to be equal. Then the initial state of the perturbed soliton can be written as U͑r,,zϭ0 ͒ϭu͑ r, ͒ϩ⑀͕ 2 ͑ r ͒ϩ 2 ͑ r ͖͒cos 2. ͑16͒
With the same parameters ϭϪ0.1 and ⑀ϭ2 as above, the contours of the solution at five distances are plotted in Fig. 6 . In this case, the perturbed state does not rotate. Instead, it periodically stretches and contracts along orthogonal directions. We can call this behavior as spatially uneven breathing. This uneven breathing is another distinctive visual feature of internal oscillations in 2ϩ1 dimensions. We note that the soliton under nϭ0 internal-mode perturbations also ''breathes,'' but that breathing is uniform along all directions. FIG. 6 . Evolution of the fundamental soliton with ϭϪ0.1 under both nϭ2 and nϭϪ2 internal-mode perturbations. The initial perturbed state is given by Eq. ͑16͒ where ⑀ϭ2. FIG. 7 . ͑a͒ Double-hump solitons u(r) at ϭϪ0.7 and ϭϪ0.1. ͑b͒ Power dependence of double-hump solitons on frequency .
III. INSTABILITY CHARACTERISTICS OF DOUBLE-HUMP SOLITONS
In this section, we study instability characteristics of double-hump solitons whose amplitude functions u(r) cross zero once. The study of solitons with even more humps is similar, and the results are expected to be analogous as well; thus we will not consider such solitons in this paper. It is noted that these double-hump solitons have been shown to be unstable in ͓8,9͔. In this section, we will use a different, more advantageous method to determine the instability growth rates of such solitons. Furthermore, we will use direct numerical simulations of Eq. ͑1͒ to corroborate the main features of instability results.
First, we determine the double-hump solitons by the same technique we have used before for fundamental solitons. These double-hump solitons at ϭϪ0.7 and Ϫ0.1 are plotted in Fig. 7͑a͒ . The power dependence of these solitons on frequency is shown in Fig. 7͑b͒ . We see that when is larger, the soliton intensity and power are higher, similar to fundamental solitons. Also analogously, physically meaningful double-hump solitons which have finite power exist only when Ϫ1ϽϽ0.
Next, we study the linear stability of these double-hump solitons. The perturbed solution is the same as Eq. ͑6͒, where u(r) is a double-hump soliton in the present case. The eigenvalue problem is still Eqs. ͑7͒ and ͑8͒. For double-hump solitons, the square of the linearization operator is still selfadjoint; thus the discrete eigenvalue is either purely real ͑stable͒ or purely imaginary ͑unstable͒. Below, we only search for unstable ͑purely imaginary͒ eigenvalues. Our technique for finding all these unstable eigenvalues is similar to that used in Sec. II, but with some modifications. For a purely imaginary eigenvalue , n ϭ n * ; thus Eqs. ͑7͒ and ͑8͒ reduce to a single equation ͑7͒ for a complex function n . The boundary conditions of function n are
When Ϫ1ϽϽ0 and rӷ1, Eq. ͑7͒ becomes a modified Bessel equation whose solution is
where ␦ is a phase constant. Here the eigenfunction n has been normalized so that the complex coefficient in front of K n has magnitude 1. Note that an eigenfunction with phase constant ␦ ϭ␦Ϯ is trivially related to one with phase ␦ by a multiplication of factor Ϫ1; thus we can restrict ␦ ͓0,͔ without any loss of generality. Our strategy for finding all unstable eigenvalues is the following. At each integer n, we make a large parameter mesh in the two-dimensional ␦ and plane. At each (␦,) mesh point, we numerically integrate Eq. ͑7͒ starting from a large r value to zero. If n ϭ0, the eigenfunction must have 0r (rϭ0;␦,)ϭ0 ͓see Eq. ͑17͔͒. If n 0, it must have n (rϭ0;␦,)ϭ0 ͓see Eq. ͑18͔͒. Thus at each n, we check if the target function ͓Re( 0r ) and Im( 0r ) or Re( n ) and Im( n )͔ zero-level curves in the (␦,) plane intersect or not. If they do, then the intersection gives a discrete unstable eigenvalue. If not, unstable eigenvalues at such and n values do not exist. To demonstrate, we apply this algorithm to two example cases with ϭϪ0.7, nϭ0, and nϭ4. The zero-level curves of Re( 0r ) and Im( 0r ) ͑for nϭ0) are shown in the left panel of Fig. 8 . We see that no intersection occurs here except the trivial one at (,␦)ϭ(0, 1 2 ). This intersection corresponds to the zero eigenvalue which is caused by the phase invariance of the soliton. Thus, radially symmetric (nϭ0) unstable modes do not exist. When nϭ4, the zero-level curves of Re( 4 ) and Im( 4 ) are displayed in the right panel of Fig.  8 . Here, however, we clearly see a unique intersection of these zero-level curves at approximately iϭ0.2253 and ␦ ϭ1.43. Thus, we conclude that there is a single unstable eigenvalue at ϭϪ0.7 and nϭ4. We then refine this unstable eigenmode by the shooting method, and the eigenfunction is shown in Fig. 9͑a͒ .
We have continued this strategy at other values and checked those zero-level curves for n from 0 to very large integers. Our findings reveal that for each , only up to four unstable eigenvalues with nϭ2, 3, 4, and 5 could exist. In other words, all unstable eigenmodes have angle dependence in the form e Ϯ2i , e Ϯ3i , e Ϯ4i , or e Ϯ5i . We have obtained the growth rates (i) of these eigenmodes for all values in the interval (Ϫ1,0), and the results are displayed in Fig.  9͑b͒ . This figure is almost the same as Fig. 3 in ͓8͔ ͑see also ͓9͔͒, as it should be, even though our method to obtain this figure is different. As we can see, unstable eigenmodes with nϭ2, 3, and 4 exist for all Ϫ1ϽϽ0, while the unstable eigenmode with nϭ5 exists only for Ϫ1Ͻ ϳ Ͻ Ϫ0.36. The shapes of these unstable eigenmodes at different n and values are quantitatively different but qualitatively similar. They are all equal to zero at rϭ0, have one hump, and decay to zero at rϭϱ. An example with ϭϪ0.7 and nϭ4 can be found in Fig. 9͑a͒ .
One interesting feature of Fig. 9͑b͒ is that the growth rates of all the unstable eigenmodes decrease to zero not only when →Ϫ1, but also when →0. Recalling Fig. 7͑b͒ , this means that the instability growth rates diminish not only at low powers, but also at high powers. This is a little surprising, as one tends intuitively to expect that solitons with FIG. 10 . Strongly suppressed instability of high-power double-hump solitons. Left column: evolution of the perturbed soliton with ϭϪ0.7 ͑low power͒; right column: evolution of the perturbed soliton with ϭϪ0.1 ͑high power͒.
higher powers are more unstable. But here, it is just the opposite; i.e., high power strongly suppresses the soliton instability rather than enhancing it. To verify this suppressed instability, we have simulated Eq. ͑1͒ with the initial condition as
where u(r;) is a double-hump soliton at frequency and ⑀ϭ0.01 is a perturbation parameter. This choice of the initial perturbation was intended to mimic ''white noise'' perturbations along angle directions. With ϭϪ0.7 again ͑low-power soliton͒, the solutions at zϭ0 and 25 are shown in the left column of Fig. 10 . Here the distance is nondimensionalized by the diffraction length L D , which in terms of physical units is given by L D ϭ 0 n 0 /(2⌬n 0 ), where 0 is the wavelength of the laser beam, n 0 is the unperturbed refractive index, and ⌬n 0 is the maximum physical index change. For typical saturable nonlinear materials, ⌬n 0 /n 0 Ϸ2 ϫ10 Ϫ4 . The typical wavelength of lasers used in experiments is approximately 0 ϭ0.5 m. For these parameters, the diffraction length is found to be L D Ϸ0.4 mm. Thus the nondimensional length zϭ25 in our simulations corresponds to a physical crystal length of about 10 mm. We see from the left column of Fig. 10 that at distance zϭ25, the doublehump low-power soliton with ϭϪ0.7 has broken up. Now if we take ϭϪ0.1 ͑high-power soliton͒ and repeat the above simulation, the results are shown in the right column of Fig. 10 . Apparently, for the same percentage of initial perturbations, this high-power double-hump soliton shows little sign of instability at the same distance zϭ25, which clearly demonstrates the strongly suppressed instability of high-power solitons. Thus, we have verified that, indeed, high-power solitons suffer a drastically reduced instability and are robust.
IV. SUMMARY
In conclusion, we have investigated two major aspects of scalar (2ϩ1)-dimensional solitons in a saturable nonlinear medium. For fundamental solitons, we have found internal modes both with and without angular dependence. Internal oscillations caused by these modes are very robust, especially those caused by modes with no angle dependence (n ϭ0) or with angle dependence in the form e Ϯ2i (nϭ2). Evolution of solitons perturbed by angle-dependent internal modes visually appears like the soliton is rotating or unevenly breathing. For double-hump solitons, we have determined their instability characteristics by a method different from that used in ͓8͔. We have shown that the instability of high-power solitons is very weak, which is unexpected. Thus experimental observation of such solitons is feasible.
